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GENERALIZED ROBERTSON-WALKER SPACETIMES
- A SURVEY -
CARLO ALBERTO MANTICA AND LUCA GUIDO MOLINARI
Abstract. Generalized Robertson-Walker spacetimes extend the notion of
Robertson-Walker spacetimes, by allowing for spatial non-homogeneity. A
survey is presented, with main focus on Chen’s characterization in terms of
a timelike concircular vector. Together with their most important properties,
some new results are presented.
Introduction
Spacetime is the stage of present modelling of the physical world: a torsionless,
time-oriented Lorentzian manifold (M, g). At any point, by a suitable choice of
coordinates, the metric tensor is amenable to the diagonal form1 g00 = −1, gµµ =
+1, with vanishing first derivatives (Christoffel symbols). Such coordinates define
a local inertial frame. Gravity is described by second derivatives, that build the
Riemann curvature tensor Rjklm, the Ricci tensor Rij = Rimj
m and the curvature
scalar R = Rm
m. Einstein’s field equations are second-order in the metric tensor,
with source the stress-energy tensor of “matter” fields [16, 87]. In geometrized
units:
Rij − 12Rgij = 8πTij(1)
They have been widely tested in the weak field expansion and recently in the strong
coupling regime, by numerically solving for the merging of two black-holes and
providing the detected spectrum of gravitational waves [1].
In cosmology, the observation that space is isotropic and homogeneous on the
large scale, selects the Robertson-Walker (RW) metrics. In n dimensions it means
that there are coordinates (t, ~x) such that M = −I × f2M∗, where I is an open
interval of the real line and (M∗, g∗) is a constant curvature Riemannian space of
dimension n− 1, parametrized by ~x. The Riemann tensor of such submanifolds is
R∗µνρσ =
R∗
(n− 1)(n− 2)(g
∗
νσg
∗
µρ − g∗µσg∗νρ),(2)
with constant value R∗.
To study perturbations of RW metrics, homogeneity must be relaxed. A natural
and wide extension was proposed in 1995 by Al´ıas, Romero and Sa´nchez [4, 5]:
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Definition 0.1. A Lorentzian manifold (M, g) of dimension n ≥ 3 is a Generalized
Robertson-Walker (GRW) spacetime if the metric may take the form
gijdx
idxj = −(dt)2 + f(t)2g∗µν(~x)dxµdxν(3)
where t is time and g∗µν(~x) is the metric tensor of a Riemannian submanifold.
A GRW spacetime is thus the warped product −I × f2M∗, where I is an open
interval of the real line, and (M∗, g∗) (the fiber) is a Riemannian manifold of di-
mension n− 1; f > 0 is a smooth warping function (or scale factor).
1) if M∗ is the unit sphere Sn−1 with its standard metric, I = R, f(t) = cosh t,
then M is the de Sitter space Sn1 , of constant sectional curvature 1;
2) if M∗ is a constant curvature manifold (2), then M is a RW spacetime2.
A further natural generalization brings from GRW spacetimes to “twisted space-
times”, where the scale function f in the metric (3) may also depend on space
coordinates. Twisted spaces were introduced by Chen in 1979 [26].
The existence of a globally defined timelike coordinate vector field ∂t makes
GRW spacetimes (by definition) time-orientable. This endows them with a causal
structure appropriate for the time-evolution of physical fields, propagating initial
conditions given on a spacelike hypersurface.
The definition (3) highlights the existence of a continuous family of spacelike hyper-
surfaces (foliation): for each t ∈ I there is a “slice” {t}×M∗ (leaf of the foliation).
A slice is a totally umbilical hypersurface of constant mean curvature: at every
point of it, the average of the principal curvatures has the same value H(t) = f ′/f ,
where t labels the slice. Ref. [4], where GRW spacetimes were first introduced,
opens with the following question: “when is a complete spacelike hypersurface of
constant mean curvature (in a GRW spacetime) totally umbilical and a slice?” A
large portion of the literature on GRW manifolds is focused on this and related
problems, like curvature properties of spacelike hypersurfaces.
A different characterization of GRW spacetimes was found by Chen, in 2014. He
showed that the existence of a warping frame (3) is equivalent to the existence of
a concircular timelike vector field [27]. The theorem offers a covariant description
of GRW spacetimes, alternative to the geometric description in a privileged frame.
Recently, it allowed for new results on the structure of the Ricci and the Weyl
tensors to be obtained, and new characterizations of GRW spacetimes.
This review aims at presenting GRW spacetimes from both viewpoints, which offer
different advantages, with an inclination towards Chen’s approach. Proofs are
omitted, if available in published papers. This is the summary of contents:
1. Spacelike hypersurfaces;
2. Killing vectors;
3. Chen’s theorem;
4. GRW spacetimes and conformal Killing tensors;
5. Perfect fluid GRW spacetimes;
6. Further characterizations of GRW spacetimes;
7. Robertson-Walker spacetimes;
8. Other curvature conditions;
9. Remarks on imperfect fluid GRW spacetimes.
2Some authors name GRW a RW spacetime of dimension n > 4.
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Given a vector v, we denote v2 = vkvk; v is respectively timelike, null, or spacelike
if v2 is negative, zero or positive. The dimension of the manifoldM , if not specified,
is n ≥ 3.
1. Spacelike hypersurfaces
We present a selection of results on spacelike hypersurfaces of GRW spacetimes.
They are based on a variety of tools, as convexity properties of the warping function,
inequalities for the Ricci tensor, integral identities involving curvatures H , H2,
warping function, hyperbolic angle.
With the metric tensor (3), the nonzero Christoffel symbols and the components
of the Ricci tensor [80] are:
Γ0µν = ff
′g∗µν , Γ
µ
0ν = (f
′/f)δµν , Γ
µ
νσ = Γ
∗µ
νσ.(4)
R00 = −(n− 1)(f ′′/f), R0µ = Rµ0 = 0,(5)
Rµν = R
∗
µν + g
∗
µν [(n− 2)f ′2 + ff ′′],(6)
where the suffix ∗ denotes quantities of the submanifold (M∗, g∗). The eigenvalue
equation for Rij has a single timelike eigenvector X = (X
0, 0), with eigenvalue
ξ = (n− 1) f ′′/f(7)
that only depends on t, and n−1 spacelike eigenvectors (with time-component equal
to zero). The eigenvalue (7) is a frame-independent feature of the GRW spacetime.
We shall show that the choice X0 = f , i.e. X = f∂t, corresponds to the timelike
concircular Chen’s vector.
A spacelike hypersurface Σ in M is a smooth immersion of a domain of dimen-
sion n−1 in M , with a Riemannian induced metric. At any point P ∈ Σ, there is a
timelike unit normal vectorNP , g(NP , NP ) = −1, called the “future pointing Gauss
map” of the hypersurface, with the orientation of ∂t(P ) (hereafter we omit to specify
P ). The normal vector and the tangent space of Σ at P provide the decomposition
∂t = αN + Y , where α > 0, g(N, Y ) = 0. From −1 = g(∂t, ∂t) = −α2 + g(Y, Y ) it
follows that α ≥ 1; the value α = −g(N, ∂t) = cosh θ defines the normal hyperbolic
angle θ of the hypersurface at P 3. The tangential component Y of the decomposi-
tion introduces the “height function” h(P ) of the hypersurface through the relation
Y = ∇h. It is |∇h|2 = sinh2 θ.
Given a parametrization xi = xi(~q) of Σ, with basis tangent vectors Biµ = ∂x
i/∂qµ,
it is ∇µBiν = ∇νBiµ, gijN iBjµ = 0, and the induced metric is (gΣ)µν = gijBiµBjν . In
the relation ∇νBiµ = −N iΩµν , the symmetric matrix Ωµν is the “second fundamen-
tal form” of the immersion (see [59], eq.5.4). Its eigenvalues k1, . . . , kn−1 are the
principal curvatures of Σ at P . The mean curvature, the second mean curvature,
etc., are
H =
1
n− 1
n−1∑
j=1
kj , H2 =
2
(n− 1)(n− 2)
∑
i<j
kikj , etc.
A spacelike hypersurface is “maximal” if H = 0, it is “complete” if (Σ, gΣ) is a
complete Riemannian manifold (any geodesic starting from a point in Σ is isomet-
ric to the real line). A maximal spacelike hypersurface is the transition between
expanding and recontracting phases of the universe. In Minkowski spacetime Rn1
3At a point P ∈ Σ, the value cosh θ is the energy of the observerN measured by the istantaneous
comoving observer ∂t, while N tanh θ is the velocity [78].
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the only complete maximal spacelike hypersurfaces are spacelike hyperplanes (Cal-
abi, Cheng and Yau).
A point P ∈ Σ is “umbilical” if Ω(P ) is proportional to the metric tensor gΣ(P ).
The hypersurface is “totally umbilical” if every point of Σ is umbilical. Photon
surfaces in general relativity are timelike totally umbilical submanifolds.
Slices Σt = {t} × M∗ are particularly simple spacelike hypersurfaces. The
hyperbolic angle of a slice is always θ = 0 and the inherited metric tensor is
gt = f
2(t)g∗. Since B0µ = 0 and N
i = δi0 in the warped coordinate frame,
one finds Ωµν = Γ
0
µν = f
′fg∗µν. Therefore a slice is totally umbilical. Being
Ωµµ = (f
′/f)(n− 1), the mean curvature is H = f ′/f .
Constant mean curvature spacelike hypersurfaces are studied in geometry and in
general relativity for the initial value problem of field equations. They are critical
points of the area functional under certain volume constraints [14]. A lower bound
for their curvature scalar is derived in [3], with the assumption (log f)′′ ≤ 0. If N∗
is the projection of the unit normal vector N of the hypersurface Σ on the tangent
space of M∗, it is:
RΣ ≥ R
∗
f2
+ 2R∗µνN
∗µN∗ν + (n− 1)(n− 2)[(f ′/f)2 −H2].(8)
Equality holds if and only if Σ is totally umbilical and (log f)′′ sinh2 θ = 0.
Are slices the only constant mean curvature spacelike hypersurfaces? The an-
swer to this problem has been connected with the following “timelike convergence
condition” (TCC) (see [11, 78]):
RijX
iXj ≥ 0 ∀X : X2 < 0(9)
It translates the fact that gravity, on average, is attractive. For a GRW manifold,
if the timelike eigenvector of the Ricci tensor is used, the TCC implies ξ ≤ 0 i.e.
f ′′ ≤ 0 (f is positive). For a general timelike vector (X0, V µ), X2 = −(X0)2 +
f2g∗µνV
µV ν , the TCC written in the components (5) of the Ricci tensor is:
R∗µνV
µV ν ≥ −(n− 1)(f ′′/f)X2 + (n− 2)g∗µνV µV ν(ff ′′ − f ′2)
for any value X2 < 0 and any vector V tangent to the fiber. As f ′′ ≤ 0 and since
X2 can be as small as wanted, a GRW spacetime satisfies the TCC property if and
only if
R∗µνV
µV ν ≥ (n− 2)g∗µνV µV ν sup
t∈I
(ff ′′ − f ′2),(10)
f ′′ ≤ 0(11)
Theorem 1.1 (Al´ıas & al., 1995, [4]). Let M be a TCC GRW spacetime and Σ a
compact spacelike hypersurface of constant mean curvature H, then:
1) Σ is totally umbilical; 2) either Σ is a spacelike slice, or there exist a constant
c > 0 and t0 ∈ I such that: i) f(t) =
√
c/c1 sin(
√
c1t + c2) or f(t) =
√
ct + c3 in
a neighborhood of t0 for some real constants c1 > 0 and c2, c3, ii) Hf
′ > 0 on Σ,
iii) RijY
iY j ≥ −cY 2 for all vectors Y (and there exists a nonvanishing vector Z
in an open set in M where equality holds).
Montiel proved that the condition f ′′ ≤ 0 alone, without any hypothesis on R∗ij ,
is sufficient for the spacelike slices to be the only compact constant mean curvature
spacelike hypersurfaces of the manifold. The condition was weakened to requiring
ff ′′ − f ′2 ≤ 0 [3].
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Theorem 1.2 (Montiel, 1999, [69]). Let f : I → R be a positive smooth function
defined on an open interval, such that ff ′′ − f ′2 ≤ 0. Then, the only compact
spacelike hypersurfaces immersed into a GRW spacetime and having constant mean
curvature are the slices {t}×M∗, for a (necessarily compact) Riemannian manifold
M∗.
Theorem 1.3 (Montiel, 1999, [69] theorem 4). In a spacetime M with a closed
conformal timelike field X (i.e. uk∇kX i = ϕui for any u) and obeying the null
convergence condition (Rijv
ivj ≥ 0 for all null directions), compact spacelike hy-
persurfaces Σ with constant mean curvature must be umbilical.
Montiel observed that every conformally stationary spacetime admitting a timelike
closed conformal vector field is locally isometric to a GRW spacetime (for a global
assertion see [69], Proposition 2).
A GRW spacetime M is “spatially closed” if M∗ is compact; if M admits a
compact spacelike hypersurface, then it is spatially closed. Bounds on the volume
of compact spacelike hypersurfaces are given in [2].
When the fiber M∗ is non-compact, no spacelike hypersurface can be compact
[4]. The problem of uniqueness of complete noncompact spacelike hypersurfaces is
studied by Dong and Liu by bounding the ratio H2/H or a higher order one [39].
By assuming that the hyperbolic angle θ of the hypersurface has a local maximum
at a point P0, and under certain curvature assumptions at the maximum point,
Latorre and Romero proved that, locally, the hypersurface is a slice:
Theorem 1.4 (Latorre & Romero, 2002, [58]). Let M be a GRW spacetime and let
Σ be a spacelike hypersurface of constant mean curvature. If the hyperbolic angle θ
of the hypersurface attains a local maximun at some point P0 ∈ Σ and if
- either f ′′ < 0 at t(P0) and R
∗
µν is positive semi-definite at P0,
- or f ′′ ≤ 0 at t(P0) and R∗µν is positive definite at P0,
then, there exists an open neighborhood of P0 in Σ which is a slice.
Geometric conditions for a constant mean curvature hypersurface to be a slice
of the foliation were investigated in [7, 8, 18, 12].
In [6] an inequality for the Gaussian curvature of compact maximal surfaces is
found, that saturates for the totally geodesic ones. Bounds for the mean curvature
of spacelike graphs in GRW spacetimes are in [10]. Hypersurfaces with constant
higher order mean curvature are studied in [9, 10], and the height function is studied
in [48].
A hypersurface in a Lorentzian manifold Σ is “null” if the induced metric tensor
is degenerate on it (at each point P there is a tangent vector ξ 6= 0 such that
g(ξ, Y ) = 0 for all Y ∈ TPΣ). The light-cone in Minkowski space, or black-hole
horizons are examples. Null hypersurfaces have been studied by Navarro et al. [70],
Duggal [41]. Gutierrez and Olea focused on totally umbilical null hypersurfaces in
GRW manifolds. They proved that through each point of M such surfaces appear
in pairs, giving rise to a local decomposition of the fiber as a twisted product.
Nullcones are the unique totally umbilic null hypersurfaces in the closed Friedmann
cosmological model [53].
Spacelike hypersurfaces for spatially parabolic GRW spacetimes (i.e. parabolic
fiberM∗4) have been studied by Romero et al. Such spaces model open cosmologies,
4A noncompact complete Riemannian manifold such that the only superharmonic functions
on it, which are bounded from below, are the constants.
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which are favoured by present observations. The main result is the following, which
includes several prior results:
Theorem 1.5 (Romero & al., 2013, [76]). Let Σ be a complete spacelike hyper-
surface in a GRW spacetime, whose fiber M∗ has parabolic universal Riemannian
covering. If the hyperbolic angle of Σ is bounded and the restriction to Σ of the
warping function f satisfies sup f(t) <∞ and inf f(t) > 0, then, Σ is parabolic.
The problem of stability of the area of constant mean curvature spacelike hy-
persurfaces under volume variations has been addressed by Barbosa and do Carmo
(1984). We quote a recent result for GRW spacetimes:
Theorem 1.6 (Barros & al., 2008, [15]). Let Σ be a closed spacelike hypersurface
of a GRW spacetime, with constant mean curvature H. If the warping function f
satisfies f ′′ ≥ max{Hf ′, 0} and Σ is strongly stable, then Σ is either maximal or a
spacelike slice {t0} ×M∗, for some t0 ∈ I.
The index form along time-like geodesics on a Lorentzian warped manifolds is
studied in [43] and applied to GRW spacetime.
Gutierrez and Olea [52] studied the conditions on the curvature of a Lorentzian
manifold to achieve a global decomposition as a GRW spacetime. While the exis-
tence of a timelike closed conformal vector field implies that a Lorentzian manifold is
locally a GRW spacetime [79], it does not imply that the decomposition is global.
They proved that de Sitter spaces are the only nontrivial complete Lorentzian
manifolds with more than one GRW decomposition, while Friedmann cosmological
models admit a unique GRW decomposition, even locally.
They identify a reference frame with a timelike unit vector field uj. If it is closed,
orthogonally conformal, and such that ∇i∇juj is proportional to ui, it is named a
“warped reference frame”.
Theorem 1.7 (Gutierrez & Olea, 2009, [52], proposition 2.2). Let I be an open
real interval, (M∗, g∗) a manifold and g a Lorentzian metric on I ×M∗ such that
the canonical foliations are orthogonal. If u = ∂t is a warped reference frame,
then g is the warped product gijdx
idxj = −(dt)2 + f(t)2g∗µνdxµdxν and f(t) =
exp
[
1
n−1
∫ t
0
ds∇juj(s, x)
]
, being x a point of M∗.
Theorem 1.8 (Gutierrez & Olea, 2009, [52], theorem 3.2). Let M be a complete
non-compact Lorentzian manifold with n ≥ 3 and u a non-parallel warped reference
frame, and let Rij be the Ricci tensor. If one of the following conditions is true: 1)
Riju
iuj ≤ 0, 2) Rijνiνj ≥ 0 for all ν ⊥ u, 3) Rijwiwj ≥ 0 for all light-like vectors
w, then M is globally a GRW spacetime.
A more refined result was obtained by Caballero et al.
Theorem 1.9 (Caballero & al., 2011, [19], theorem 3.1). A Lorentzian manifold
admits a global decomposition as a GRW spacetime if it is a spacetime equipped with
a timelike gradient conformal vector field Xj, such that the flow of the vector field
uj = Xj/
√−X2 is well defined and onto a domain I × L, for some real interval I
and some leaf L of the foliation orthogonal to X.
2. Killing vectors
Local and global characterizations of GRW spacetimes in terms of Killing or
conformal Killing vectors are given in [79, 80, 52, 19].
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Definition 2.1 ([85]). A vector field is named conformal Killing if∇kXj+∇jXk =
θgjk, being θ a scalar function. It is named Killing if θ = 0, homothetic if θ =const.
If the conformal Killing vector is closed, ∇kXj = ∇jXk, then it is concircular in
the sense of Fialkow (see def.3.2).
A conformal change of the metric of a GRW spacetime with a conformal factor
that only depends on t, produces a new GRW spacetime [11].
With dt′ = dt/f(t), the metric (3) becomes conformally equivalent to −dt′2 +
g∗µνdx
µdxν . Sa´nchez [79] concluded that the vector X = f∂t is parallel in the
new metric, ∇′X = 0, and is conformal Killing in any metric conformal to it. In
particular in the metric (3) it is ∇kXj +∇jXk = 2f ′gkj .
He then enumerated the special properties of the vector field u = ∂t. It is: i)
timelike unit; ii) geodesic (ui∇iuj = 0); iii) spatially conformal (∇µuν +∇νuµ =
2(f ′/f)gµν); iv) irrotational (∇iuj −∇jui = 0); v) ∇i∇juj is pointwise parallel to
ui. In ref.[80] he proved that it is an eigenvector of the Ricci tensor.
The following theorem was achieved:
Theorem 2.2 (Sa´nchez, 1998, [79], theorem 2.1). Let (M, g) be a simply connected
Lorentzian manifold with a complete vector field u (i.e. its flow curves exist for all
t) satisfying items (i)-(v), then (M, g) is (globally) a GRW spacetime with u = ∂t.
A spacetime that admits a timelike Killing vector field X is called stationary; a
set of coordinates (t, xµ) can be found such that X = ∂t, ∂µ are spacelike, and the
metric tensor does not depend on t [11]. If X is also irrotational, the spacetime is
called static.
A Lorentzian manifold with a timelike conformal Killing vector field X , can be
conformally mapped to a Lorentzian manifold where X is a timelike Killing vec-
tor field [11]. Spacetimes with conformal Killing tensors were investigated in [30].
They are special cases of “conformally stationary spacetimes”, which allow for an
observer seeing an isotropic microwave background [46]. A classical result [42]
assures that RW spacetimes are characterized as the spacetimes that admit a geo-
desic observer who sees an isotropic microwave background and whose stress-energy
tensor is a perfect fluid comoving with the observer. The latter property cannot
strictly hold in cosmological models describing the formation of structures. In this
way GRW spacetimes are a privileged class of inhomogeneous spacetimes admitting
an isotropic radiation [79].
If Xj is globally the gradient of some smooth function, it is called “gradient confor-
mal” vector field [19]. In this case the spacetime admits a global time function and
it is stably causal [54], i.e. there is a finite neighbourhood of the original metric
of the spacetime such that any of its Lorentzian metrics is causal [16, 19]. We
refer also to the works of Romero et al. [76, 77] and Gutie´rrez and Olea [52] for a
presentation of geometric and physical properties.
Sa´nchez studied some global properties of GRW spacetimes, focusing on geodesics
[79] and conformal Killing vectors [80]. If a GRW spacetime admits a non-trivial
Killing vector, then the warping function f must be one listed in Tables 1, 2 of [80].
3. Chen’s theorem
A turning point in the literature was the characterization of GRW spacetimes
by the presence of a timelike concircular vector field, by Bang-Yen Chen in 2014
(theorem 3.4). We show some simple but significative properties of the Ricci and the
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Weyl tensors of a pseudo-Riemannian manifold with a concircular tensor (theorem
3.3). Such properties belong to all GRW spacetimes.
A characterization in terms of a torse-forming vector field descends from Chen’s
theorem (theorem 3.7). Another one, in terms of a conformal Killing tensor, will
be given in the next section.
Definition 3.1. A vector field is named torse-forming if ∇kXj = ωkXj + ϕgkj ,
being ϕ a scalar function and ωk a non vanishing 1-form.
Riemannian spaces with a torse-forming vector field were studied by Yano as early
as 1944 [89, 90]. The study was extended to pseudo-Riemannian spaces by Sinyukov
[84], Mikesˇ and Rach˚unek [68, 74]. Note that for a unit timelike (u2 = −1) vector,
the torse-forming condition becomes ∇kuj = ϕ(ukuj + gkj).
The presence of a torse-forming vector implies the following shape of the metric:
ds2 = ±(dt)2 + F (t, ~x)ds∗2(12)
where ds∗2 is the metric of the submanifold parametrized by ~x.
Torse-forming vectors associated to 1-forms ωk that are locally the gradient of
a scalar function were named concircular by Yano. For them F is only a function
of t. Concircular vectors appeared in the study of conformal mappings preserving
geodesic circles [89, 90], and in the theory of projective and conformal transfor-
mations. In de Sitter’s model of general relativity, the world lines of receding or
colliding galaxies are trajectories of timelike concircular vector fields [86].
Fialkow [47] gave a definition different from Yano’s:
Definition 3.2. A vector field X is concircular if, for a scalar function ρ, it is
∇kXj = ρgkj(13)
In this paper we adopt Fialkow’s definition. The existence of a concircular vec-
tor (not necessarily timelike) on a pseudo-Riemannian manifold, hence all GRW
spacetimes, poses restrictions on the curvature tensors:
Theorem 3.3 (Mantica & Molinari, 2016, [65]). If a pseudo-Riemannian manifold
is equipped with a concircular vector, ∇jXk = ρgjk, X2 6= 0, then:
X is an eigenvector of the Ricci tensor:
RimX
m = ξXi, ξ = −(n− 1)X
m∇mρ
X2
,(14)
∇iξ = Xiθ(15)
where θ is a scalar function.
Rijk
mXm = − ξ
n− 1(Xigjk −Xjgik)(16)
The Ricci tensor has the general expression, involving the Weyl tensor:
Rkl =
nξ −R
n− 1
XkXl
X2
− ξ −R
n− 1 gkl + (n− 2)Caklb
XaXb
X2
(17)
The vector X is Riemann and Weyl compatible [62]:
XiX
mRjklm +XjX
mRkilm +XkX
mRijlm = 0,(18)
XiX
mCjklm +XjX
mCkilm +XkX
mCijlm = 0.(19)
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Some useful consequences are listed:
1) A covariant derivative of RijX
j = ξXi gives
Xj∇kRjl = −ρRkl + θXkXl + ρξgkl(20)
with its contracted form Xm∇mR = 2nρξ − 2ρR+ 2X2θ.
2) The property of Weyl compatibility (19) gives:
CjklmX
m = (XjCaklb −XkCajlb)X
aXb
X2
.(21)
It implies that CjklmX
m = 0 if and only if CjklmX
jXm = 0.
3) The relation RimX
m = −(n− 1)∇iρ shows the useful identity:
∇kρ = − ξ
n− 1Xk(22)
Theorem 3.4 (Chen, 2014, [27]). A Lorentzian manifold M of dimension n ≥ 3
is a GRW spacetime if and only if it admits a timelike concircular vector: X2 < 0
and ∇kXj = ρgkj .
Besides its simplicity, Chen’s theorem is a covariant characterization of GRW
spacetimes. Hereafter, we shall refer to the timelike concircular vector field X as
to “Chen’s vector”.
Some points are worth remarking. IfM is a GRW spacetime, then there is a warping
coordinate frame (3). The timelike vector X = λ(t)∂t is an eigenvector of the
Ricci tensor with eigenvalue (7) for any function λ. With the Christoffel symbols
(4), the condition ∇iXj = ρδij becomes ∂tλ(t) = ρ. By theorem 3.3, Chen’s
vector is eigenvector of the Ricci tensor with eigenvalue (14), then λ(t) = f(t) and
ρ(t) = f ′(t), where f is the warping function.
Remark 3.5. The Weyl compatibility of Chen’s vector (19) implies that GRW
spacetimes are purely electric, and the algebraic types of the Weyl tensor can only
be G, Ii D(d) or O ([57], proposition 4.10). As a matter of fact, in [57] it is shown
that a spacetime with ds2 = −V 2(~x, t)dt2 + P 2(~x, t)g˜µν(~x)dxµdxν , of which (3) is
a particular case, is purely electric.
Remark 3.6. By evaluating the Ricci tensor (17) in the warped frame (3) where
Chen’s vector has components X0 = f and Xµ = 0, and comparing it with the
expression (5), the following relation is found:
R∗µν −
R∗
n− 1g
∗
µν = −(n− 2)C0µν0
By means of (21) one evaluates Cµνρ0 = 0.
Given a timelike concircular vector X , the unit timelike vector uk = Xk/
√−X2
is torse-forming:
∇juk = ρ√−X2 (gjk + ujuk) ≡
ρ√−X2hjk(23)
where hij is a projector on vectors perpendicular to u (the tangent space of a fiber).
Being uj∇juk = 0, the integral curves of uj are geodesics.
The torse-forming property is weaker than concircularity, but with an additional
condition, the following characterization of GRW spacetimes is possible:
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Proposition 3.7 (Mantica & Molinari). A Lorentzian manifold of dimension n ≥ 3
is a GRW spacetime if and only if it admits a unit timelike torse-forming vector,
∇kuj = ϕ(gkj + ukuj), that is also an eigenvector of the Ricci tensor.
Proof. The integrability conditions of ∇kuj = ϕ(ujuk + gjk) is
Rjkl
mum = ukul∇jϕ− ujul∇kϕ+ ϕ2(ukgjl − ujgkl) + gkl∇jϕ− gjl∇kϕ
from which it is Rj
mum = (2−n)∇jϕ+ujul∇lϕ+ϕ2(n−1)uj. If uj is an eigenvector
of the Ricci tensor, then∇jϕ = Fuj for some scalar F . Then, ∇j(ϕuk)−∇k(ϕuj) =
0 i.e. ϕuk is locally a gradient: ϕuk = ∇kσ. On defining Xl = ule−σ we have
X2 < 0 and ∇kXl = (ϕe−σ)gkl. Thus the spacetime is GRW.
The opposite way, if a Lorentzian manifold is GRW, then there exists a timelike
concircular vector ∇kXj = ρgkj . Then uj = Xj/
√−X2 is torse-forming, u2 = −1
and, by theorem 3.3, uj is an eigenvector of the Ricci tensor. 
4. GRW spacetimes and conformal Killing tensors.
We give a new characterization of GRW spacetimes based on a conformal Killing
tensor of special form.
Definition 4.1 (see [75]). A conformal Killing tensor is a symmetric tensor Kij
satisfying the condition
∇iKjk +∇jKki +∇kKij = ηigjk + ηjgki + ηkgij(24)
being ηi a non-vanishing 1-form called associated conformal vector.
If ηi is a Killing vector, Kij is a “homothetic Killing tensor” [75]; if ηi is the
gradient of a scalar function η then Kij is a “gradient conformal Killing tensor”,
and Kij − ηgij is a Killing tensor called “associated Killing tensor”.
Symmetric Killing tensors define first integrals of the equations of motions, i.e.
functions which are constant on geodesics; conformal Killing tensors define first
integrals for null geodesics. In 1970 Walker and Penrose obtained a conformal
Killing tensor as the first integral of the null geodesic equations of every type of
{2, 2} vacuum solutions of Einstein’s equations in n = 4 [88]. In the same paper,
the charged Kerr solution was shown to admit a Killing tensor which, together
with the metric and the two Killing vectors, allowed for the explicit integration
of the geodesics. Killing and conformal Killing tensors appear in the study of the
geometric inverse problems, integrable systems, Einstein-Weyl geometry (see [56]
and references therein).
Lemma 4.2 (Mantica & Molinari). Let Kij be a conformal Killing tensor with an
eigenvector u2 6= 0: Kjkuk = λuj. If um∇muk = θuk for some (possibly zero)
scalar θ, then ηi = ∇iλ.
Proof. A covariant derivative gives uk∇iKjk +Kjk∇iuk = uj∇iλ + λ∇iuj. Con-
traction with uj and ui give: ujuk∇iKjk = u2∇iλ and
ukui∇iKjk = −Kjkui∇iuk + ujui∇iλ+ λui∇iuj
Multiplication of (24) by ujuk and the use of the above relations give
u2∇iλ− 2(Kil − λgil)um∇mul + 2uium∇mλ = u2ηi + 2uiukηk
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Contraction with ui gives u2ui(ηi −∇iλ) = 0. If u2 6= 0 the equation simplifies
u2(∇iλ− ηi) = 2(Kil − λgil)um∇mul(25)
and if um∇mul = θul the result follows. 
Theorem 4.3 (Mantica & Molinari). A Lorentzian manifold is a GRW spacetime
if and only if there is a conformal Killing tensor of the type
Kij = Agij +Buiuj(26)
where A, B are scalar fields, B 6= 0, u2 = −1 and ∇kuj = ∇juk.
Proof. Suppose that Kij is a conformal Killing tensor with the form (26). Since
Kiju
j = (A − B)ui and uk∇kuj = 0, by Lemma 4.2 it is ηi = ∇i(A − B). The
property that Kij is conformal Killing becomes
B[∇j(ukul) +∇k(ujul) +∇l(ukuj)](27)
= −(gkl + ukul)∇jB − (gjl + ujul)∇kB − (gjk + ujuk)∇lB
A contraction with ul and the closedness property give
∇juk = (gjk + ujuk)u
m∇mB
2B
(28)
The equation proves that uk is torse-forming. It is used to simplify (27):
um∇mB(3uiujuk + gijuk + gjkui + gikuj) =
= −(gkl + ukul)∇jB − (gjl + ujul)∇kB − (gjk + ujuk)∇lB.
Contraction with gij gives: uku
m∇mB = −∇kB. The torse-forming property (28)
becomes:
∇juk = u
m∇mB
2B
gjk − ∇jB
2B
uk(29)
The vectorXk = e
σuk is timelike and concircular with the choice∇jσ = 12 (∇jB)/B:
∇jXk =
[
eσ
um∇mB
2B
]
gjk.
By Chen’s theorem 3.4 the manifold is a GRW.
The converse is easily proven: let the spacetime to be a GRW. By theorem 3.4 there
exists a timelike concircular vector field Xk. Direct evaluation shows that
Kij = (ρ−X2)gij +XiXj(30)
is a conformal Killing tensor, with ηi = ∇iρ. Next, define ui = Xi/
√−X2; it is
u2 = −1, ∇juk = ∇kuj and Kij = (ρ−X2)gij + (−X2)uiuj . 
5. Perfect fluid GRW spacetimes
In this section we present conditions for GRW spacetimes to be perfect fluid
spacetimes. We also prove an important equivalence.
Definition 5.1. A Lorentzian manifold is named “perfect fluid spacetime” if the
Ricci tensor has the form
Rij = Agij +Buiuj(31)
where A and B are scalar fields and u2 = −1.
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Geometers identify the special form (31) of the Ricci tensor as the defining
property of “quasi-Einstein manifolds” (with arbitrary metric signature). The Rie-
mannian ones were introduced by Defever and Deszcz in 1991 [32] (see also [22]).
Pseudo-Riemannian ones arose in investigating exact solutions of Einstein’s equa-
tions [38]. Robertson-Walker spacetimes are quasi-Einstein [71].
Theorem 5.2 (Sa´nchez, 1999, [80]). A GRW spacetime M is a perfect fluid if and
only if M∗ is an Einstein manifold, i.e. R∗µν =
R∗
n−1g
∗
µν ,
Theorem 5.3 (Ge¸barowski, 1994, [49, 50]). For a warped product (3) the fibers
are Einstein, i.e. R∗µν =
R∗
n−1g
∗
µν , if and only if ∇mCjklm = 0.
The theorems by Sa´nchez and Ge¸barowski together imply that a GRW spacetime
is a perfect fluid if and only if ∇mCjklm = 0. However, we have shown that an
equivalent algebraic condition can be given:
Theorem 5.4 (Mantica & Molinari, 2016, [65]). On every GRW spacetime with
Chen’s vector Xj
∇mCjklm = 0 ⇐⇒ XmCjklm = 0.(32)
The proof rests on Chen’s characterization of GRW spacetimes by means of a
concircular vector.
The above results are here summarized:
Theorem 5.5. On every GRW spacetime M with Chen’s vector Xj, the following
statements are equivalent:
a) XmCjklm = 0,
b) ∇mCjklm = 0,
c) Rjk = Agjk +B
XjXk
X2
,
d) R∗µν =
R∗
n− 1g
∗
µν .
for suitable scalar fields A, B. By (22) it is
∇kρ = −A−B
n− 1 Xk(33)
Einstein’s field equations (1) link the perfect fluid structure of the Ricci tensor
to a perfect fluid stress-energy tensor
Tij = (µ+ p)uiuj + pgij(34)
where uj is the fluid’s flow velocity, u
2 = −1, p is the isotropic pressure and µ is
the energy density. Then, the Ricci tensor may be expressed in terms of p and µ:
Rij = 8π(µ+ p)uiuj + 8π
µ− p
n− 2 gij
Comparison with (5) gives the following relations between the warping function f ,
the pressure and the energy density in a GRW perfect fluid spacetime (the first one
is the eigenvalue ξ of the Ricci tensor, the second one descends from the scalar R):
(n− 1)f
′′
f
= −8π
[
n− 1
n− 2p+
n− 3
n− 2µ
]
, 16πµf2 = R∗ + (n− 1)(n− 2)f ′2(35)
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A derivative in the second relation eliminates R∗. By further eliminating the warp-
ing function, they give the following equation of state (µ+ p 6= 0):
[
µ′
µ+ p
]′
=
1
n− 2 [(n− 1)p+ (n− 3)µ] +
1
n− 1
[
µ′
µ+ p
]2
(36)
6. Further characterizations of GRW spacetimes
In this section we present recent characterizations of perfect fluid spacetimes as
GRW spacetimes, in arbitrary dimension.
De and Ghosh [31] showed that if a perfect fluid spacetime with closed uj is
conformally flat then uj is a concircular vector. The result was extended by Mantica
and Suh to pseudo-Z-symmetric spacetimes [63] and to weakly Z-symmetric spaces
[61]. Recently we proved
Lemma 6.1. Let M be a Lorentzian manifold of dimension n ≥ 3, with Ricci
tensor Rkl = Agkl + Bukul, where A, B are scalar fields, B 6= 0, and uk is a unit
timelike vector, u2 = −1. If ∇mCjklm = 0, then:
uk∇jγ − uj∇kγ = 0(37)
uk∇jB − uj∇kB = B(∇juk −∇kuj)(38)
where γ = (n− 2)A+B.
Proof. The condition ∇mCjklm = 0 with the explicit form of the Ricci tensor,
becomes:
∇k(Bujul)−∇j(Bukul) = − 12(n−1) (gjl∇kγ − gkl∇jγ)(39)
By transvecting with gjl it is: (∇k + ukul∇l) + B∇l(ukul) = 12∇kγ. Multiply by
um and take the antisymmetric part:
(um∇k − uk∇m)B +B[umul∇luk − ukul∇lum] = 12 (um∇k − uk∇m)γ(40)
By transvecting (39) with ujul it is (∇k + ukul∇l)B + Bul∇luk = 12(n−1) (∇k −
uku
l∇l)γ. Multiply by um and antisymmetrize:
(um∇k − uk∇m)B +B[umul∇luk − ukul∇lum] = 12(n−1) (um∇k − uk∇m)γ
This equation and (40) imply the first assertion. Contraction of (39) with ul gives
the second assertion. 
Remark 6.2. The lemma implies that if a combination C = αA + βB, where
α and β are numbers, has the property uj∇kC = uk∇jC, then u is closed, i.e.
∇kuj −∇juk = 0. In particular, if the scalar curvature R = nA−B is a constant,
then u is closed. More generally, u is closed if there exists a differentiable local
relation F (A,B) = 0.
Theorem 6.3 (Mantica & al., 2016, [64] theorem 2.1). Let M be a Lorentzian
manifold of dimension n ≥ 3, with Ricci tensor Rkl = Agkl + Bukul, where A, B
are scalar fields, B 6= 0, and uk is a unit timelike vector, u2 = −1. If ∇mCjklm = 0
and ∇kuj = ∇juk, then u is rescalable to a timelike concircular vector X, and M
is a GRW spacetime, with umCjklm = 0.
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Proof. On multiplying (39) with uj and using the results (37), (38) and the closed-
ness condition, we obtain
∇juk = − u
m∇mγ
2(n− 1)B (ujuk + gjk).(41)
Since uj is an eigenvector of the Ricci tensor, in view of Proposition 3.7 the space-
time is GRW. Moreover, by the same Proposition, the vector Xk = e
σuk is time-like
concircular. By Theorem 5.4 it is also umCjklm = 0. 
Because of Remark 6.2, the condition of closedness of the velocity field may be
replaced by an equation of state, by constancy of the curvature scalar, or A = 0
(this case Rkl = Bukul was studied in [67]).
Proposition 6.4 (Mantica & al., [64] prop. 3.1). A perfect fluid spacetime of
dimension n ≥ 4, with differentiable equation of state p = p(µ), p + µ 6= 0, and
∇mCjklm = 0, is a GRW spacetime. The velocity vector field is irrotational (∇jui =
∇iuj), geodesic (uk∇kuj = 0) and annihilates the Weyl tensor umCjklm = 0.
In ref. [34] (lemma 4.1, theorem 4.1 and corollary 4.1) R. Deszcz proved that a
quasi-Einstein Riemannian manifold with harmonic Weyl tensor is, under certain
conditions, a warped product I × f2M∗, where M∗ a Riemannian manifold of
constant curvature.
Let’s consider the case where the Ricci tensor has the perfect fluid form (31) and
is also conformal Killing,
∇iRjk +∇jRki +∇kRij = ηigjk + ηjgki + ηkgij(42)
and ∇iuj = ∇jui. Theorem 4.3 states that u is torse-forming and the perfect fluid
spacetime is a GRW spacetime. Then umCjklm = 0 and ∇mCjklm = 0.
A contraction of (42) with gjk gives ∇iR + 2∇mRmi = (n + 2)ηi. However, it is
2∇mRmi = ∇iR. Then ηk = 2n+2∇kR, where R = nA−B is the curvature scalar.
Proposition 6.5. For a perfect fluid spacetime with conformal Killing Ricci tensor
the equation of state is
p = −µn+ 1
n− 1 + const.(43)
Proof. Being u an eigenvector of the Ricci tensor with eigenvalue A−B, by Lemma
4.2 it is ηk = ∇k(A−B), then:
∇j [(n− 2)A+ nB] = 0(44)
Since B = 8π(p+ µ) and A = 12−n8π(p− µ), the equation of state is obtained. 
Remark 6.6. The condition ∇mCjklm = 0 applied to a perfect fluid gives the torse-
forming vector (41), with γ = (n−2)A+B. The torse-forming property is the same
as (29). This is ensured by ∇mγ = (n−1)∇mB, because of ∇m[(n−2)A+nB] = 0.
The fact that a Ricci tensor may be conformal Killing is thus compatible with the
conditions ∇mCjklm = 0, umCjklm = 0, valid for perfect fluid GRW spacetimes.
The equation of state (43) with const.= 0 violates the weak energy condition
|p/µ| ≤ 1. In n = 4 it is p = − 53µ. Matter with p/µ ≤ −1 is named “phantom
energy”. It has positive energy density but negative pressure, such that p+ µ < 0.
The physical consequences are explored in [20, 21].
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7. Robertson-Walker spacetimes
Robertson-Walker spacetimes are a subclass of GRW spacetimes and are con-
formally flat, Cjklm = 0. Actually this property singles out RW spacetimes within
GRW spacetimes:
Theorem 7.1 (Brozos-Va´zquez et al, 2005, [17] theorem 1). A GRW spacetime M
is conformally flat if and only if M∗ is a space of constant curvature (i.e. M is a
RW spacetime).
With Cjklm = 0 in (17), the RW spacetime is a perfect fluid spacetime. The
Riemann tensor is then fully determined by Chen’s vector, the metric tensor and
the curvature scalar [65]:
Rjklm =
2ξ −R
(n− 1)(n− 2)(gklgjm − gkmgjl)(45)
+
R − nξ
(n− 1)(n− 2)
[
gjm
XkXl
X2
− gkmXjXl
X2
+ gkl
XjXm
X2
− gjlXkXm
X2
]
This form defines manifolds of quasi-constant curvature [25].
Remark 7.2. The dimension n = 4 is special, as the condition XmCjkl
m = 0 is
equivalent to XiCjklm +XjCkilm +XkCijlm = 0 (see [59] p.128) and the contrac-
tion with X i gives Cjklm = 0. By the equivalence (32), in a 4-dimensional GRW
spacetime the condition ∇mCjklm = 0 is equivalent to Cjklm = 0.
In agreement with [52], we state:
Theorem 7.3. A four-dimensional GRW spacetime is a perfect fluid if and only if
it is a RW spacetime.
It is well known that a RW spacetime is a perfect fluid [71]. We recall Shepley and
Taub’s theorem for a 4-dimensional perfect fluid spacetime to be a RW spacetime:
Theorem 7.4 (Shepley & Taub, 1967, [83]). A 4-dimensional perfect fluid space-
time with ∇mCjklm = 0 and subject to an equation of state p = p(µ) is conformally
flat, and the metric is RW; the flow is irrotational, shear-free and geodesic.
Other characterizations are the following:
Theorem 7.5 (Coley, 1991, [29]). Any perfect fluid solution of Einstein’s equations
satisfying a barotropic equation of state p = p(µ), µ + p 6= 0, admitting a proper
conformal Killing vector parallel to the velocity 4-vector uj, is locally a Friedmann-
Robertson-Walker model.
Theorem 7.6 (Sharma, 1993, [81] p.3584). If a perfect fluid spacetime with divergence-
free Weyl tensor admits a proper conformal symmetry then it is conformally flat.
Theorem 7.7 (Gutierrez & Olea, 2009, [52], theorem 4.1). LetM be a 4-dimensional
non compact spacetime with a barotropic perfect fluid such that uj is geodesic,
∂p/∂µ 6= 0, ∂2p/∂µ2 6= 0, µ + p 6= 0, and µ > 0 is not constant. If the equa-
tion of state [
µ′
µ+ p
]′
=
1
2
(3p+ µ) +
1
3
[
µ′
µ+ p
]2
holds, then either M is incomplete or is a global RW spacetime.
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The restriction ∇mRjklm = 0 is interesting. In their review [51] of Yang’s grav-
itational theory, Guilfoyle and Nolan named “Yang Pure Space” a 4-dimensional
Lorentzian manifold (M, g) whose metric tensor solves Yang’s equations:
∇kRjl −∇jRkl = 0(46)
In any dimension they are equivalent to ∇mCjklm = 0 and R constant. If Ein-
stein’s equations (1) are considered, Yang’s equations imply ∇kTjl−∇jTkl = 0 and
∇kTmm = 0. Therefore, in a perfect-fluid Yang Pure Space the equation of state
is p = 13µ+ constant. The following theorem was stated:
Theorem 7.8 (Guilfoyle & Nolan, 1998, [51] theorem 4.1). A 4-dimensional perfect
fluid spacetime (M, g) with µ+ p 6= 0 is a Yang Pure Space if and only if (M, g) is
a RW spacetime with p = 13µ+ c for some constant c.
For n ≥ 4 it can be generalized:
Proposition 7.9. An n-dimensional perfect-fluid Yang Pure space with p+ µ 6= 0
is a GRW spacetime with equation of state p = µ
n−1 + c, being c a constant.
Finally we mention that Sharma and Ghosh proved that, for a n = 4 expanding
perfect fluid spacetime, the energy momentum tensor Tij is conformal Killing if
and only if the spacetime is shear-free, vorticity-free, and µ and p satisfy certain
differential conditions [82].
The case Rij = −Ruiuj was discussed in [67]. Einstein’s equations give Tij =
R
8pi (uiuj+gij), i.e. the stress-energy tensor of a perfect fluid with p = µ (stiff matter,
see [85] p.66). The equation of state of stiff matter was introduced by Zel’dovich
[91] to describe a cold gas of baryons, and used in his cosmological model, [92]. The
stiff matter era preceded the radiation era (p = µ/3), the dust matter era (p = 0),
and the dark matter era (p = −µ) [24]. It also occurs in cosmological models where
dark matter is a relativistic self-gravitating Bose-Einstein condensate [23].
A perfect fluid stress-energy tensor also arises in a spacetime with a real scalar
field with timelike gradient, |∇ψ|2 = −gij(∇iψ)(∇jψ), (see [55, 87]):
Tij = (∇iψ)(∇jψ)− 12gij [V (ψ)− |∇ψ|2],
where V (ψ) is a self-interaction potential that may have the simplest form V (ψ) =
1
2m
2ψ2 (m is the particle mass). A stiff matter model is recovered for a massless
field (see [85] p.63). Setting uk = ∇kψ/|∇ψ|, we obtain Tkl = |∇ψ|2(ukul + 12gkl),
with u2 = −1 and p = µ = 12 |∇ψ|2.
8. Other curvature conditions
The following example illustrates several properties presented in this review.
Mileva Prvanovic´ [73] introduced the differential structure, named extended recur-
rence:
∇iRjklm =AiRjklm + (β − ψ)AiGjklm(47)
+
β
2
[AjGiklm +AkGjilm +AlGjkim +AmGjkli]
where Ai is a closed covector, ψ and β are scalar functions with ∇iψ = Aiβ, and
Gjklm = gmjgkl − gkmgjl. Instead of the original Riemannian setup, we reconsider
it as follows.
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Proposition 8.1 ([66]). An extended recurrent Lorentzian manifold with time-like
vector Ai is a conformally flat GRW spacetime, i.e. a RW spacetime.
Proof. Contractions with the metric tensor of (47) yield the expressions for ∇iRjk
and ∇iR. One finds out that the Weyl tensor is recurrent: ∇iCjklm = AiCjklm .
The second Bianchi identity is readily written for (47). Being zero the l.h.s. a
contraction of the r.h.s. with the metric tensor gives
RjklmA
m = [Rjl + ψ(n− 2)gjl]Ak − [Rkl + ψ(n− 2)gkl]Aj(48)
A further contraction shows that A is eigenvector of the Ricci tensor: RjmA
m =
1
2 [R+ ψ(n− 1)(n− 2)]Aj . A direct evaluation gives:
CjklmA
m =
n− 3
n− 2
[
RjlAk −RklAj +
(
R
2(n− 1) + ψ
n− 2
2
)
(Akgjl −Ajgkl)
]
Lovelock’s identity ([59] p.289) is
∇i∇mRjklm +∇j∇mRkilm +∇k∇mRijlm = −RimRjklm −RjmRkilm −RkmRijlm
The evaluation of the l.h.s. gives zero, then RimRjkl
m+RjmRkil
m+RkmRijl
m = 0.
The covariant divergence ∇i of it, after lengthy calculations, gives:
Aj
[
Rkl − R
2(n− 1)gkl +
n− 2
2
ψgkl
]
= Ak
[
Rjl − R
2(n− 1)gjl +
n− 2
2
ψgjl
]
.
The result has nice implications: AmCjkl
m = 0 (then ∇mCjklm = 0), the contrac-
tion with Aj gives:
Rkl =
[
R
2(n− 1) −
n− 2
2
ψ
]
gkl +
[
n− 2
2(n− 1)R+
n(n− 2)
2
ψ
]
AkAl
A2
(49)
i.e. the space is quasi-Einstein.
The covariant derivative of the Ricci tensor shows that A is a concircular vector
(in the sense of Yano): ∇iAj = fgij + ωiAj with closed ω. Then the metric has
the warped form (12) with F only depending on t, i.e. the Lorentzian manifold is
a GRW spacetime.
A further step can be done. Since ∇mCjklm = 0, the second Bianchi identity for the
Weyl tensor is exact: ∇iCjklm + ∇jCkilm + ∇kCijlm = 0. Because of recurrence
it becomes AiCjklm + AjCkilm + AkCijlm = 0. If A
2 6= 0, a contraction gives
Cjklm = 0 i.e. the GRW spacetime is indeed RW. 
For a timelike vector Ak, on defining uk = Ak/
√−A2, the Ricci tensor (49) is a
perfect fluid. Some physical consequences are outlined. Einstein’s field equations
give the stress-energy tensor Tkl = (p+ µ)ukul + pgkl with
p = − n− 2
16π(n− 1)[R+ ψ(n− 1)], µ = −
1
16π
ψ(n− 1)(n− 2).
Thus the (non constant) function ψ controls the energy density µ of the fluid, and
must be negative. The equation of state is:
p =
µ
n− 1 −
n− 2
n− 1
R
16π
If R = const. the model is a perfect fluid Yang pure space (see Prop.7.9). In four
dimensions with R = 0, it becomes p = µ/3, a model for incoherent radiation (a
superposition of waves of a massless field with random propagation directions, [85]).
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Einstein GRW spacetimes are defined by Rij =
R
n
gij . From the general expres-
sion (5) of the Ricci tensor it easily follows that:
Proposition 8.2 (Sa´nchez, 1999, [80]). A GRW spacetime is Einstein if and only
if the fibers are Einstein, i.e. R∗µν =
R∗
n−1g
∗
µν , and the warping function satisfies the
differential equations
R
n(n− 1) =
f ′′
f
,
R
n(n− 1)f
2 =
R∗
(n− 1)(n− 2) + (f
′)2.(50)
The solutions are displayed in table 1 of [80] (see also [13, 7]).
We report some curvature properties, mainly investigated by R. Deszcz and
collaborators. They are here adapted to GRW spacetimes.
The Riemann, the Ricci, the Weyl and the metric tensors on M are denoted by
Riem, Ric, C and g; a star denotes tensors of the fiber (M∗, g∗).
If T is a (0, k) tensor and A is a (0, 2) symmetric tensor, the following (0, k + 2)
tensors are introduced:
(Riem · T)abc...lm = −RlmapTpbc... −RlmbpTapc... −RlmcpTabp... − . . .(51)
Q(A,T)abc...lm = AalTmbc... +AblTamc... +AclTabm... + . . .(52)
−AamTlbc... −AbmTalc... −AcmTabl... − . . .
Q(A,T) is named Tachibana tensor. In the product (51) the Riemann tensor can
be replaced by other curvature tensors. Note that in the present case:
(Riem · T)lmab... = −[∇l,∇m]Tab...
The condition Q(g,Riem) = 0 is necessary and sufficient for a space to be of constant
curvature, while Riem · Riem = 0 defines semisymmetric manifolds. A generalization
of semisymmetry is the following one, by Deszcz:
Definition 8.3 (Deszcz & Grycak, 1987). A pseudo-Riemannian manifold is “pseu-
dosymmetric” if, at every point, Riem · Riem and Q(g,Riem) are linearly dependent,
i.e. there is a scalar function ψ such that
Riem · Riem = ψQ(g,Riem)(53)
For example, the Einstein, RW (ψ = 1), Schwarzschild, Kottler, and Reissner-
Nordstro¨m spacetimes are pseudosymmetric.
Theorem 8.4 (Deszcz, 1990, [34], theorems 3.4, 3.5). On a conformally flat man-
ifold, C = 0, of dimension n ≥ 4:
1) Riem · Riem = Q(Ric,Riem)⇒ M is pseudosymmetric.
2) Riem · Riem = Q(Ric,Riem)⇔ M is quasi-Einstein.
Proposition 8.5 (Defever & al., 2000, [33], proposition 4.2). Let the warping
function be f2(t) = a exp(bt) with a > 0 and b 6= 0, and (M∗, g∗) such that:
C∗ = 0, R∗ = 0 and rank(Ric∗) = 1. Then the following relations are satisfied:
Riem · Riem = R
n(n− 1)Q(g,Riem)
Riem · Riem− Q(Ric,Riem) = − n− 2
n(n− 1)RQ(g,C)
Riem · C = 1
n− 1Q(Ric,C).
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Theorem 8.6 (Deszcz & Kucharski, 1999, [37]). In a n = 4 GRW spacetime, if
Riem · C and Q(Ric,C) are linearly dependent, then at least one of the two tensors
Riem · C or Q(Ric,C) must vanish.
In ref.[13], Arslan et al. consider non-Einstein and non-conformally flat pseudo-
Riemannian manifolds that, on the set U = {x ∈ M : Q(S,R) 6= 0} satisfy the
condition
Riem · C− C · Riem = LQ(Ric,Riem)(54)
where L is some scalar function on U . They showed:
Theorem 8.7 (Arslan & al., 2014, [13], theorem 4.1). Let (M, g), n ≥ 4, be the a
GRW spacetime with non-Einstein fiber (M∗, g∗). If (54) holds, then L = 1/(n−2),
the warping function is f2(t) = (at+ b)2, a, b ∈ R,
R∗α
µR∗µβγδ =
R∗
n− 1(R
∗
αβγδ + a
2G∗αβγδ)− a2(g∗βγR∗αδ − g∗βδR∗αγ)(55)
The converse theorem has been proven: if M∗ is non-Einstein, if (55) holds,
and if f2 = (at + b)2, then the warped space M = −1 × f2M∗ fulfills (54) with
L = 1/(n− 1).
Theorem 8.8 (Arslan & al., 2014, [13], theorem 3.1). On any Einstein manifold
n ≥ 4, (54) holds with L = 1/(n− 1).
If (M, g) is Einstein and GRW, then f(t) = at + b (an admissible solution of
(50)).
9. Remarks on imperfect fluid GRW spacetimes
A large part of this survey dealt with perfect fluid GRW spacetimes, character-
ized by the condition ∇mCjklm = 0. While RW spacetimes can only be perfect
fluid (the Weyl tensor is zero), the general form (17) of the Ricci tensor allows for
GRW spacetimes solving the Einstein’s field equations with a stress-energy tensor
describing an imperfect fluid. Here we discuss the form [60]
Tij = (p+ µ)vivj + pgij + Pij(56)
where vi is the velocity of the fluid (a timelike unit vector field) and Pij is the
anisotropic stress tensor: symmetric, traceless and such that Pijv
j = 0.
We omit the possibility of heat transfer, that adds a term qivj + qjvi to the tensor
Tij , with q
ivi = 0. This term breaks the property that v
j is an eigenvector of Tij .
Proposition 9.1. In a GRW spacetime the velocity field of a perfect fluid or an
imperfect fluid described by the stress-energy tensor (56), is torse-forming and pro-
portional to Chen’s vector.
Proof. Being an eigenvector of Tij , the velocity v is also an eigenvector of the Ricci
tensor, by the Einstein’s equations. In the warped frame of a GRW spacetime, the
Ricci tensor has a block structure R00 and Rµν , with zero components R0µ, Rµ0.
The tensor admits just one timelike eigenvector, the other n − 1 being spacelike.
Since this counting is independent of the coordinate frame, the timelike eigenvec-
tor necessarily coincides with the torse-forming eigenvector obtained by rescaling
Chen’s vector (theorem 3.7) v = u. 
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The property that the velocity is torse-forming implies that the acceleration
u˙i = u
k∇kui, the rotation tensor ωij = 12hrihsj(∇sur −∇rus) and the shear tensor
σij =
1
2h
r
ih
s
j(∇sur + ∇rus) − 1n−1hij∇kuk vanish. Since in the linear regime the
standard constitutive relation for the anisotropic stress tensor is Pij = −ησij [60],
it follows that Pij = 0 in GRW spacetimes.
If heat currents are allowed for, the velocity field no longer coincides with the torse-
forming unit vector field (the latter, in GRW spacetimes is always an eigenvector
of the Ricci tensor and an eigenvector of the stress-energy tensor).
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